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1. Motivation

Metrological problems may require sampling from multi-
dimensional probability density functions, e.g. to calcu-
late integrals, derive estimates, infer coverage intervals, etc. 
Section  1.1 introduces such a problem, where the fusion of 
different sources of information adds value. Although the toy 
example is particularly simple and a weighted mean could be 
applied in principle, the general problem of accounting for addi-
tional information about the measurand is not addressed by the 
GUM or its supplements. The application of Bayesian statis-
tics is advantageous for such problems, and briefly introduced 
in section 1.2. However, Bayesian statistics often requires the 
application of Markov chain Monte Carlo (MCMC) methods 
because the integrals involved are difficult (see section 1.3).

MCMC methods are a powerful and widespread tool to 
sample from arbitrary distributions and this paper briefly 

introduces these methods. The toy example is used to explain 
and illustrate one representative MCMC method in section 2. 
The computer code to run this so-called Metropolis–Hastings 
algorithm consists of 10 lines and for the toy example its 
output can be compared to the analytic solution. More gen-
erally, we describe how the performance of the Metropolis–
Hastings algorithm can be judged and adapted to each 
problem. Section 3 gives some bibliographic hints on alterna-
tive MCMC methods and section  4 discusses the important 
issue of convergence of MCMC chains.

1.1. The toy example

A fairly simple and yet common situation shall illustrate the 
need for MCMC methods in metrology. Let us assume that a 
measurand was measured with two devices having different 
characteristics. For example, one device may allow highly 
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precise and accurate measurements, while the other may 
provide less certain, but possibly numerous measurements. 
Estimation of the measurand shall benefit from both pieces of 
information. This common situation of two sources of infor-
mation about the measurand requiring fusion is generally not 
directly addressable by the GUM or its supplements.

As a toy example, we slightly modify the GUM example 
of measuring resistance and reactance [1, Ex. 9.4]. Suppose 
that device one gave the measurement of voltage and elec-
tric current listed in the last column of table 1, while device 
two yielded measurement sets 1 through 5. The quantities of 
interest shall be the voltage and current y V I,   ( )= �. The 
measurement ( )= �x V I,6 6 6  of device one shall be regarded as 
drawn randomly from the multivariate Gaussian distribu-
tion y UN ,x x

1
6( )( )  with unknown mean y and, for simplicity, with 

known covariance ( )Ux
1 . The measurements    ( )= �x V I,i i i  of 

device two (where = …i 1, , 5) shall be drawn from ( )( )y UN ,x x
2

i  
with different, known covariance ( )Ux

2 . All six measurements 
shall be independent. Applying the GUM or Bayesian statis-
tics, the information gained about the measurand from each 
of these two sets of measurements is given by ( )( )x UN , x6

1  

and ( ¯ )( )x UN , /5x
2 , respectively, where ¯ ( )= +…+x x x1

5 1 5 . 
Figure 1 illustrates this for the voltage, assuming covariance 
matrices
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Neither the assumption of Normality nor of known covari-
ance is essential for this example. Likewise the reduction to a 
bivariate problem here is due only to clarity of presentation. 
MCMC methods may handle any distributional assumption 
and any number of dimensions.

The problem originally posed in GUM supplement 2 may 
be approached by the generalized GUM uncertainty frame-
work and Monte Carlo techniques [1]. The slight modifica-
tion of two measurement devices, however, poses a problem 
which is not directly addressed in the GUM or its current 
supplements. Nonetheless, this is a common situation which 
often requires MCMC techniques. Subsequently, the example 
of table 1 serves to clarify the principles, to guide the reader 
through the basic algorithm as well as point to some issues.

1.2. Basics of Bayesian statistics

Bayesian statistics offers a framework which is more generic 
than the GUM (see, e.g. [3, 4]), and has the advantage of 
accounting for different sources of information, which typi-
cally makes analyses more robust. Furthermore, it is antici-
pated that future revisions of the GUM shall also embrace the 
Bayesian view [5]. Since Bayesian inference often requires 
application of MCMC methods, Bayes’ theorem shall be 
repeated briefly here. For an easy reading tutorial, see [6], for 
guidance focused on metrological regression problems [7], 
and for a more technical introduction, e.g. [8].

In Bayesian statistics one is interested in deriving the 
so-called posterior distribution, its features and deductions 
thereof. The posterior distribution joins information from 
the data (expressed in the likelihood) with other, additional 
knowledge about the measurand. The latter is encoded in the 
so-called prior distribution. The posterior distribution is calcu-
lated by Bayes’ theorem:

 
=

×
posterior

prior likelihood

normalizing constant
.

For our toy example, we may imagine that measurement 
x6 was made prior to measurements …x x, ,1 5 and assign the 
following distributions (e.g. according to [9])

( )
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1.3. Need for MCMC methods

Posterior distributions are usually difficult to compute 
because their normalization involves integrals over as many 
dimensions as there are parameters. Even if the normalization 
constant were known, calculation of estimates, uncertainties 
and other quantities from the posterior distribution requires 
integrations. Often the normalized product of two arbitrary 

Table 1. Data for the toy example of measuring resistance and 
reactance.

Set 1 2 3 4 5 6

V / V 5.007 4.994 5.005 4.990 4.999 4.999
I / mA 19.663 19.639 19.640 19.685 19.678 19.661
Device 2 2 2 2 2 1

Note: This example is a slight modification of the GUM example as posed in 
supplement 2 [1, table 8] and also mentioned in the GUM itself [2].

Figure 1. Displayed is the information gained about an unknown 
voltage by one measurement with a high precision device (in black) 
or five measurements with another device having larger uncertainty 
(gray).
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distributions yields a non-standard distribution where sum-
mary quantities are not known directly.

Analytically, these integrations are usually impossible to 
do. Deterministic numerical methods such as Riemann inte-
gration or Simpson’s rule are often intractable because of the 
number of dimensions involved [10]. Analytic approximations 
such as the Laplace approximation [11, 12] may resolve some 
of these problems. Often approximating the posterior distribu-
tion by repeatedly drawing random samples (i.e. simulating) 
from it is the only possibility to perform high-dimensional 
integrations, or Bayesian analyses in general.

The simplest methods draw samples directly and inde-
pendently from the distribution of interest. Classical Monte 
Carlo methods are examples (see [9, 13]). However, often the 
distribution of interest is non-standard or too complex such 
that such direct sampling methods do not exist [10]. Markov 
chain Monte Carlo methods draw samples from an alternative 
distribution instead and then select certain samples to approxi-
mate the distribution of interest. This selection process usually 
produces dependent samples (the so-called Markov chain). 
MCMC methods do not require the distribution of interest to 
be normalized and are very flexible tools.

The posterior distribution of our toy example is known 
analytically:

(ˆ )y UNposterior : , ,y y

with U U U5y x x
1 1 2 1 1{( ) ( ) }( ) ( )= +− − −  and y U U x U x5y x x

1 1
6

2 1ˆ {( ) ( ) ¯}( ) ( )= +− − . 
The above Normal distribution thus serves as a reference for 
the toy example in the subsequent introduction to MCMC 
methods. If one imagines different families of distributions 
for the prior and/or the likelihood, such as t-distributions, the 
posterior is not known in closed form, but can only be written 
as the product of two distributions and a normalization term 
involving a two-dimensional integration.

2. A simple but versatile MCMC method

One of the simplest MCMC methods that also is very flexible, 
is the Metropolis–Hastings algorithm. It was developed in 
[14] and [15]. Subsequently, the algorithm itself is given and 
explained step by step with the help of the toy example (sec-
tion 2.1). Section 2.2 explores the two choices influencing the 
performance of the algorithm and section 2.3 provides some 
measures to assess this performance.

The content of this section is mostly based on the following 
publications [7, 10, 13, 16], which may be consulted for more 
detailed or more extensive explanations. Alternatively, most 
books on Bayesian statistics contain a chapter on computa-
tional methods.

2.1. The Metropolis–Hastings algorithm

Let f be the distribution of interest, for example the posterior 
distribution of a Bayesian analysis. The Metropolis–Hastings 
algorithm draws samples from some alternative distribu-
tion and then decides whether these samples approximate 

the distribution f well. We describe this procedure in detail, 
in plain language joined with pseudocode, then illustrate the 
steps with the toy example and give R and MATLAB® code. 
Subsequently, some background and context is given.

The Metropolis–Hastings algorithm starts by choosing some 
distribution q, called proposal distribution or candidate kernel. 
The proposal is usually easy to sample from directly and more 
or less approximates the distribution of interest. After choosing 
some starting value X0, the following steps are repeated for 
each sample Xt, = …t 0, 1, : a sample Y is drawn from the pro-
posal and accepted as new sample Xt+1 with probability α, or 
alternatively the old sample is kept. The acceptance probability 
α depends on the proposed value and the current value of the 
chain, and is defined below. In pseudocode:

Pseudocode Metropolis–Hastings algorithm

• choose a proposal distribution q
• choose a starting value X0

• for = …t 0, 1,
  (i) Sample point Y from ( )|q X. t
 (ii) Take =+X Yt 1  with probability ( )α X Y,t
   =+X Xt t1  otherwise

  where ( )( ) ( ) ( )
( ) ( )

α = |
|

X Y, min 1,t
f Y q X Y

f X q Y X
t

t t

For the toy example, let us choose a uniform proposal 
distribution which is centred around the previous sample: 

( )δ δ= − +q U X X,t t  with half-width δ = 0.01. Additionally, 
the starting value shall be X0  =  (4.95, 19.66) and the length 
of the chain 104. (Sections 2.2 and 2.3 will motivate these 
choices.) The program code to perform this Metropolis–
Hastings algorithm in the free statistical software R [17] or in 
the proprietary language MATLAB® is given below (requiring 
the package mvtnorm [18] and the Statistics toolbox, respec-
tively). Figure 2 displays a realization of the first 20 as well as 
all samples and the density approximation for this algorithm 
and the voltage V in the toy example.

Alternatively, one may apply available software. For 
example, the R packages MCMCpack [19] and mcmc [20] 
and the MATLAB® routine mhsample in the Statistics 
toolbox implement similar Metropolis–Hastings algorithms. 
Other R packages perform Bayesian inferences for specific 
models or alternative MCMC methods. Additionally, the 
free software BUGS [21] is a powerful tool (see section 3).

Example R code Metropolis–Hastings algorithm

data  =  cbind(c(5.007,4.994,5.005,4.990,4.999,4.999),
  c(19.663,19.639,19.64,19.685,19.678,19.661))
U1  =  rbind(c(0.003^2,0),c(0,0.01^2))
U2  =  rbind(c(0.000103,-0.000108),c(-0.000108,0.000897))
X  =  matrix(c(4.95,19.66),nrow  =  10^4,ncol  =  2, byrow  =  TRUE)
#######################################################
  library(mvtnorm)
  f  <-function(x){
    dmvnorm(x,m  =  colMeans(data[1:5,]),s  =  U2/5)*
     dmvnorm(x,m  =  data[6,],s  =  U1)}
  delta  =  0.01
  if (f(X[1,])  ==0){
    'Error: Starting value has very low probab.'
  }else{ for (t in 2:10^4){y  =  runif(2,min  =  X[t-1,]-delta,
    max  =  X[t-1,]  +  delta)
    if (runif(1)  >  f(y)/f(X[t-1,])) y  =  X[t-1,]
    X[t,]  =  y }}
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The magic of Metropolis–Hastings algorithms is that 
the samples of the chain will converge to the distribution of 
interest, and subsequent samples will then be from the same 
distribution. This convergence is assured for all starting values 
and any proposal distribution fulfilling mild conditions [14]. 
An advantage of the Metropolis–Hastings algorithm (and 
other MCMC algorithms) for Bayesian analyses is that the 
normalization constant of the distribution of interest is not 
needed for sampling. This can be seen from the acceptance 
probability α which involves only ratios of distributions.

Similar to the samples resulting from a classical Monte 
Carlo simulation, also MCMC samples can be used for fur-
ther inferences. Estimates and uncertainties are easily approx-
imated by sample averages or standard deviations. But also 
other moments, credible intervals, other summary statistics or 
transformations may be derived from samples. The quality of 
the approximation depends on the size of the sample and on 
the degree of dependence in the sample (see below).

For the toy example, the mean, the standard deviation, and 
95% credible intervals are given by (4.999, 19.661), (0.0025, 
0.008) and (4.994, 5.004), (19.646, 19.676), respectively. 
These results are based on 104 samples (omitting the first few) 
and may vary slightly due to the randomness of each sample.

Example MATLAB® code Metropolis–Hastings algorithm

function X  =  MH
 global data U1 U2
 data  =  [[5.007;4.994;5.005;4.990;4.999;4.999]...
    [19.663;19.639;19.640;19.685;19.678;19.661]];
 U1  =  [0.003^2,0;0,0.01^2];
 U2  =  [1.03e-4,-1.08e-4; -1.08e-4,8.97e-4];
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
 X(1,:)  =  [4.95,19.66];
 delta  =  0.01;
 if f(X(1,:))  ==0
    'Error: Starting value has a very low probab.'
 else for t  =  2:10^4
    y  =  rand(1,2)*2*delta  +  X(t-1,:)-delta;
    if (rand  >  f(y)/f(X(t-1,:))); y  =  X(t-1,:); end
    X(t,:)  =  y; end; end; end
function y  =  f(x)
 global data U1 U2
 y  =  mvnpdf(x,mean(data(1:5,:)),U2/5)...
    *mvnpdf(x,data(6,:),U1); end

2.2. Influential choices: proposal and starting value

In principle, the Metropolis–Hastings algorithm works for 
any proposal distribution and any starting value. In practice, 

however, the choice of both influences the performance. We 
illustrate this influence with the aid of the toy example and 
suggest ways to quantify it in section 2.3.

One could think of choosing a proposal distribution q that 
is wider or narrower. For example, figure 3 depicts samples 
for the voltage when the half-width of the uniform proposal 
distribution is δ = 0.1 or δ = 0.001. The chains of samples for 
these Metropolis–Hastings algorithms behave quite differ-
ently from the one in figure 2.

The chain from a wide proposal distribution takes larger 
steps but sticks with the same old sample longer. It thus takes 
longer to evenly explore the whole space of the distribution 
of interest. The chain from a narrower proposal accepts new 
values much more often, but takes much smaller steps. It thus 
takes longer to explore all the space of the distribution (e.g. 
also the extremes). The compromise of a well-mixing chain 
occurs when the proposal is similar to the distribution of 
interest. However, knowledge about the distribution of interest 
is usually scarce. Section 3 introduces some common classes 
of proposal distributions.

Also the starting value X0 influences the behaviour of the 
chain. At the beginning of the chain, the distance of the starting 
value from the main mass of the distribution influences the 
time spent in regions of low probability mass. Extreme starting 
values may thus increase the time until a chain may be con-
sidered to have converged, especially for slow-mixing chains 
(as in figure 3, left) or may lead to numerical problems. On the 
other hand, repeatedly starting chains from values which vary 
randomly and excessively (e.g. around a likely value) may 
enable the exploration of possible multiple modes of a distri-
bution. (See section 4 and also [22, 23].) In practice, the first 
samples of the chain which are still influenced by the starting 
value are usually discarded, e.g. the first 1000 samples in our 
toy example. The question of the length of this so-called burn-
in is related to the difficult question of convergence, which 
will be discussed in sections 2.3 and 4.

This section discussed the different behaviour of Markov 
chains depending on the choice of the proposal distribution 
and the starting value in Metropolis–Hastings algorithms. 
However, nothing has been said so far about how this differ-
ence can be measured. How can one determine which chain is 
the best one?

Figure 2. Realization of the first 20 (left) as well as all samples (middle) and the density approximation (right) for the Metropolis–Hastings 
algorithm and the voltage V in the toy example.
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2.3. Diagnostics

The difference between classical Monte Carlo (as suggested 
in [9]) and Markov chain Monte Carlo samples is the depen-
dence between samples and the dependence on the starting 
value for MCMC chains. In order to still produce results 
reliably and efficiently, it is important to assess if and when 
the samples of a chain have converged to the distribution 
of interest (e.g. if and when there is independence from the 
starting value), and it is important to assess how much depen-
dence there is between samples, because dependent samples 
contain less information than independent ones. A chain of 
MCMC samples may thus be ‘worth’ as much as a set of MC 
samples of much shorter length.

Unfortunately, there is no single best method to assess con-
vergence of a Markov chain, but only a bouquet of empirical 
diagnostics. We introduce a common convergence diagnostic 
and some tools to evaluate the dependence between samples. 
Let us start with the latter.

A straightforward possibility to assess dependence between 
samples is the autocorrelation function. Autocorrelation is the 
correlation of the chain with a shifted version of itself. For 
the toy example, the autocorrelation of the Markov chains of 
figures 2 and 3 is displayed in figure 4. Such graphs are easily 
created, e.g. with the command acf() in the R package 

coda [24] or autocorr() in the MATLAB® Econometrics 
toolbox. For the wide and narrow proposal distribution, the 
correlation between samples is much higher even for lags 
(shifts) of 40 samples and more. These chains thus contain 
much less information than the chain with moderate proposal 
width.

The amount of correlation in Metropolis–Hastings samples 
increases for proposal distributions which are too narrow or 
too wide. Neither the acceptance of almost all newly proposed 
values (however tiny their difference) nor the acceptance of 
only a few proposed values (because most are too extreme) 
is therefore conducive for the algorithmic performance. The 
acceptance rate, i.e. the proportion of proposed samples that 
is accepted, is thus a convenient measure. For Metropolis–
Hastings algorithms with symmetric proposal distributions q 
(as in the toy example) the ideal acceptance rate is close to 
0.25. This rule is due to [25], however it is only heuristic (see 
e.g. [13]).

The effective sample size more directly measures the 
information contained in a sample. In particular, the effective 
sample size yields the size τ of a hypothetical, independent 
sample which has the same variance as the MCMC sample. 
Vice versa, σ τT /2  gives the variance of the best estimate, where 

the standard variance estimator ( ¯ )σ = ∑ −=T X X1/ t
T

t
2 2

0
2 

Figure 3. Results from Metropolis–Hastings algorithms with different proposal distributions: the left and middle graph display for the 
toy example chains from a narrow ( 0.001δ = ) and a wide ( 0.1δ = ) proposal, respectively. The right-hand graph shows the approximation 
of the distribution of interest derived from the wide proposal, which is quite coarse. The gray vertical lines mark initial parts of the chain 
which may be discarded.
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independent samples could display.
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would underestimate the uncertainty of the best estimate X̄ 
due to dependence. (See, e.g. [13].) For example, in the R 
package coda the command effectiveSize() approxi-
mates the effective sample size and yields 2217, 38 and 101, 
respectively, for the three chains of the toy example.

Alternatively, one could subsample the chain {Xt} until Xt 
is approximately independent of Xt+1. Although information 
is lost, this so-called thinning is very simple and reduces the 
space of required computer memory. In addition, it is always 
advisable to examine the samples directly (so-called trace 
plots) to monitor the chain behaviour.

After describing methods of quantifying or reducing the 
amount of dependence between samples of a Markov chain, 
we now aim to quantify the convergence of the chain to the 
distribution of interest. Based only on the samples themselves, 
convergence cannot be proven, because there might be regions 
of the distribution of interest that the chain has not explored 
yet (as will be illustrated in section 4). Therefore all empirical 
convergence diagnostics suffer from the defect ‘you’ve only 
seen where you’ve been’ [13, p. 464]. However, often there 
is no alternative for detecting failures of convergence than to 
apply these diagnostics.

A useful diagnostic tool is Gelman–Rubin convergence 
statistic which compares the variability between and within 
chains for the quantity of interest and several Markov chains. 
These quantities should converge, be similar, and their ratio 
(also called potential scale reduction or shrink factor) should 
approach 1. However, no single number assures convergence. 
Gelman–Rubin convergence statistic was first suggested in [22] 
and now several versions exist. The R package coda implements 
in its routines gelman.diag() and gelman.plot(),  
the original diagnostic as well as modifications from [26]. 
For the toy example, the plot of the diagnostic based on two 
chains for each of the three different proposal distributions of 
the Metropolis–Hastings algorithm is given in figure 5.

3. Notes on a few alternatives

The Metropolis–Hastings algorithm given in the example 
code belongs to the specific class of random walk algo-
rithms, which, for each sample, locally explores the neigh-
bourhood of the previous sample (see, e.g. [13]). A large 

variety of alternative classes of Metropolis–Hastings algo-
rithms exists, usually distinguished by different choices of 
the proposal distribution. For example, for the Metropolis 
algorithm the proposal distribution q is symmetric and thus 
the acceptance probability α is particularly simple; for the 
independence sampler the proposal is independent of the 
previous sample, and for the Gibbs sampler the full condi-
tional distribution is used as the proposal distribution for 
each component (or group of components) of the quantity 
of interest. For details, see, e.g. [10]. The free and pow-
erful BUGS software [21] implements MCMC sampling 
based on the Gibbs sampler. In general, proposal distribu-
tions depending on the previous sample, as random walk 
algorithms, have the advantage of requiring little knowledge 
about the distribution of interest and are thus more generic. 
More global proposals, as the Gibbs or independence sam-
pler, may be more efficient when the proposal is similar to 
the distribution of interest.

Beyond Metropolis–Hastings algorithms, there are also 
more general MCMC methods like reversible jump MCMC to 
switch between alternative models, particle MCMC using aux-
iliary variables, and many more (see, e.g. [13, 16]). Different 
MCMC methods may be compared or combined to adaptive 
schemes (at least initially [27]).

4. Issues

This section serves as a warning that it is rarely possible to 
judge the distribution of interest at parameter regions which 
have not been visited by the MCMC algorithm. As it is usually 
hard to prove convergence [13], results can be validated only 
by alternative non-MCMC methods, or external knowledge.

For illustration purposes, the distribution of interest shall 
contain two separate modes. The MCMC algorithm, how-
ever, does not use this knowledge (as it is seldom available). 
For example, if prior knowledge is based on measurements 
from two separate devices which are noticeably different, the 
prior and posterior distributions for the voltage may be the 
ones given in figure 6 (solid lines). If the same Metropolis–
Hastings algorithm as given in section  2.1 is run using the 
same proposal distribution and the same starting value and 
length, the right-hand mode of the posterior distribution of V 

Figure 5. Gelman–Rubin convergence statistic based on two chains for the intermediate (left hand), the wide (middle) and the narrow 
(right) proposal distribution of the Metropolis–Hastings algorithm for the toy example.
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is not visited (see middle graph of figure 6). Based only on 
these samples, there is no indication of the second mode and 
nothing to suspect non-convergence for the Markov chain. 
The acceptance rate 0.33 is reasonable, the effective sample 
size 2285 good, and the Gelman–Rubin convergence statistic 
1.000 perfect. This Metropolis–Hastings algorithm would 
result in inferences which are based on grossly underrepre-
sentative samples of the distribution of interest, and inexperi-
enced users (and at times also experts) may fail to detect the 
unreliability of results.

In general, although convergence of MCMC samples to 
the distribution of interest is assured theoretically, practically 
it may be very hard to reach convergence and to detect non-
convergence. Let us also mention that some MCMC methods 
produce samples from posterior distributions that do not exist 
(which may arise because of the use of unnormalized prior 
distributions such as the uniform distribution over an infinite 
range, [28]). The existence of MCMC samples is thus no proof 
of the existence of the distribution of interest or its moments. 
Some researchers say ‘Beware: MCMC sampling can be dan-
gerous!’ [21].

For our toy example, the second mode of the distribution of 
interest is usually visited by running the Metropolis–Hastings 
algorithm longer (105 iterations), by widening the proposal 
(to δ = 0.015), by generating multiple chains starting from 
different or random starting values, or by alternative MCMC 
approaches (as described in section  3). For any of these 
methods it is possible to detect non-convergence, or to even 
achieve reliable results, as depicted in figure 6.

In general, it is advisable to safeguard against non-con-
vergence in the first place: by the use of alternative proposal 
distributions, of random starting values, by running multiple 
and long chains, as well as by applying different convergence 
diagnostics (e.g. spreadsheets of them which graphically dis-
play different features [13, 29]). MCMC simulations are usu-
ally designed iteratively to adapt to problems. Software (such 
as BUGS) exists, which implements these strategies. For gen-
eral advice on practical issues in coding MCMC algorithms, 
see, e.g. [8]. Alternative methods (such as Laplace approxi-
mations) or external knowledge from experts may validate 
results derived from MCMC methods. Likewise, Laplace 

approximations can only safeguard additionally, but they 
cannot prove MCMC results [30].

5. Conclusion

Markov chain Monte Carlo methods are a very powerful tool to 
approximate arbitrary probability distributions and their deri-
vations—even without knowing the normalization. The poten-
tial of MCMC sampling methods in metrology may unfold in 
a wide range of applications, for example when information 
(e.g. measurements) from different sources is to be fused. A 
particularly simple example illustrates this common metro-
logical task and can be followed throughout the paper.

A detailed introduction to the flexible Metropolis–Hastings 
algorithm will help scientists to become familiar with or to 
start applying MCMC methods. The accompanying program 
code consists of just a few lines, is easy to reproduce, simple 
to adapt, and the resulting samples are as flexible for subse-
quent inferences and computing summaries as Monte Carlo 
samples. In addition, the paper supplies guidance on how to 
judge and how to improve the efficiency of Markov chains 
as well as on the general difficulty of assessing their conver-
gence. Notes on alternative MCMC methods as well as on 
powerful software complete this introduction.
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